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A cooperative guidance law is presented for a defender missile protecting an aerial target from an incoming
homing missile. The filter used is a nonlinear adaptation of a multiple-model adaptive estimator, in which each model
represents a possible guidance law and guidance parameters of the incoming homing missile. Fusion of
measurements from both the defender missile and protected aircraft is performed. A matched defender’s missile
guidance law is optimized to the identified homing-missile guidance law. It uses cooperation between the aerial target
and the defender missile. The cooperation stems from the fact that the defender knows the future evasive maneuvers
to be performed by the protected target and thus can anticipate the maneuvers it will induce on the incoming homing
missile. Moreover, the target performs a maneuver that minimizes the control effort requirements from the defender.
The estimator and guidance law are combined in a multiple-model adaptive control configuration. Simulation results
show that combining the estimations with the proposed optimal guidance law, which uses cooperation between the
defending missile and protected target, yields hit-to-kill closed-loop performance with very low control effort. This
facilitates the use of relatively small defending missiles to protect aircraft from homing missiles.

Nomenclature

A,B,C = linearized guidance-problem state-space model
matrices

A, By, = defender’s dynamics state-space model matrices

during the endgame

normal acceleration

weight

constant vector

dynamics Jacobian matrix

discrete-time equations of motion

measurement sampling rate

Hamiltonian

= measurement Jacobian matrix

measurement function

cost function

cost function for cooperative optimal guidance law

Kalman gain

Gaussian distribution

navigation gain

covariance

covariance matrix of the equivalent discrete

process noise

measurement covariance matrix

missile regime

innovation covariance matrix

number of possible regimes/filters

time

final time

time-to-go

target switch time

= acceleration command

speed

@)
=

o
BN

FERSrmOSse
I I u I

~~F
Il

5&
Il

=
I

~ @ wmy o 912
|

~ ™~
B

2% >
TR

<=
|

Received 21 February 2010; revision received 7 May 2010; accepted for
publication 7 May 2010. Copyright © 2010 by the authors. Published by the
American Institute of Aeronautics and Astronautics, Inc., with permission.
Copies of this paper may be made for personal or internal use, on condition
that the copier pay the $10.00 per-copy fee to the Copyright Clearance Center,
Inc., 222 Rosewood Drive, Danvers, MA 01923; include the code 0731-5090/
10 and $10.00 in correspondence with the CCC.

*Doctoral Student, Department of Aerospace Engineering; vitalysh@
tx.technion.ac.il.

Senior Lecturer, Department of Aerospace Engineering; tal.shima@
technion.ac.il. Associate Fellow AIAA.

1801

SIS e o<
)

A

Subscripts

APN
COGL
d

dm

k

m
OGL

OSCOGL

PN

speed perpendicular to line of sight

speed along line of sight

measurement noise at time #;

State vector

state estimate

position states

relative defender—missile state vector at

time 7,

state vector of the linearized guidance problem
defender’s internal state vector

zero-effort miss

measurement vector at time

measurement history up to time k

ratio between the weight on the control effort and
the miss distance

normalized time-to-go

flight-path angle

Jjth-regime-conditioned likelihood function at 7,
line-of-sight angle

zero-effort-miss costate

posterior probability at 7, that the jth regime is
correct

innovation

relative displacement between the defender and
the missile

range

measurement noise variance

time constant

transition matrix

time-varying function

augmented proportional navigation
cooperative optimal guidance law
defender

relative defender—missile states
discrete time 7,

missile

optimal guidance law
optimal-switch cooperative optimal
guidance law

proportional navigation
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t = target

tm = relative target—missile states
0 = initial conditions
Superscripts

c = command

1 = inertial coordinate frame
Jsi = jth, ith filter/regime

n = normal to LOS,

R = relative coordinate frame

1. Introduction

N THE last half-century there has been substantial advancement

in the field of missile guidance. From the well-known propor-
tional navigation (PN) guidance law [1] to the augmented PN (APN)
guidance law [2], optimal guidance law (OGL) [3] and differential-
game-based guidance laws, such as the linear quadratic differential-
game guidance law [4,5], and bounded control differential-game
guidance laws (DGL/0, DGL/1) [6,7].

To counter this advancement, in interceptor missile guidance,
there has been a considerable effort to develop target-evasion
guidance laws, in an attempt to increase aircraft survivability. These
target-evasion guidance laws can be roughly divided into two
categories: those that assume that the target has perfect information
on the interceptor’s initial conditions and state vector [6-17] and
those that do not rely on this assumption [18-22].

The first category of target-evasion guidance laws, which assume
perfect information, were traditionally formulated in two forms,
either as a differential game [8,9] or as a one-sided optimization
optimal control problem. In the former the problem is formulated as a
perfect-information zero-sum pursuit-evasion game [6,7]. The
solution of the game yields the perfect-information strategy for both
the pursuer and the evader and the value of the game (the miss
distance guaranteed to the pursuer, as well as to the evader, by using
the respective optimal strategies). This formulation assumes worst
case for both the pursuer and the evader and is therefore conservative
if the evader has some a priori information about the pursuer’s
strategy.

Knowledge of the pursuer’s strategy gives the evader an
advantage. As PN is the most widely operationally used guidance
law, most perfect-information evasion laws were formulated as a one-
sided optimal control problem against a PN-guided interceptor. This
problem is nonlinear and three-dimensional, and both the pursuer
and the evader have nonideal dynamics with acceleration limits. An
analytical solution of the full problem is unrealistic. Therefore, the
solutions proposed were obtained by applying different simplifying
assumptions and using numerical solution schemes. The typical
simplifying assumptions in these studies included linearization
around the collision course [11-13,16], two-dimensional analysis
[11-14,16,17], and constant interceptor and target speeds [11-
14,16]. Solving the one-sided optimal control problem numerically,
using methods such as steepest descent [10,15], can be done on more
realistic models, but does not produce a general evasion strategy as
with analytical studies. Unfortunately, perfect information on the
missile’s guidance law, parameters, and states, which are required for
the application of these evasion guidance laws, are seldom available.
Therefore, a separate identification scheme and estimator have to be
constructed to identify the missile’s guidance law, parameters, and
states.

The evasion guidance laws, in which perfect information is not
assumed, were typically formulated against a PN-guided missile,
using two-dimensional linearized models. Because the evader does
not have information on the missile’s states and initial conditions, the
evader has to perform a random maneuver, and thus performance is
guarantied only in some statistical manner. Two types of random
maneuvers were suggested: random telegraph [18,19] and a periodic
sine or square wave maneuver with a random phase, in a frequency
that is matched to the interceptor’s navigation gain and time constant
[20-22]. It was shown that the periodical random phase maneuver is

superior to random telegraph and its root-mean-square reaches
approximately 60-80% of the optimal deterministic value [23].
Although this formulation does not use information on the inter-
ceptor’s state and initial conditions, it still requires information on the
interceptor’s time constant and navigation gain.

It is therefore evident that to effectively employ both categories of
interceptor evasion guidance laws it is, by the very least, required to
either obtain intelligence on the interceptor’s guidance law and
parameters or to identify them during the engagement. There are
typically intelligence uncertainties and the adversary might employ a
few different missiles. Therefore, to achieve adequate performance
some sort of identification should be performed during the engage-
ment. Contrary to the extensive literature on target-evasion guidance
laws, there is very scarce open literature on missile guidance law and
parameter identification. In [24] an algorithm is presented for
identifying the parameters of a PN missile, for the purpose of
countermeasures employment. The solution involves identification
of four parameters associated with the PN guidance law and missile
parameters, using a maximum likelihood estimator. The drawback of
the proposed approach is that it only addresses a PN-guided
interceptor missile and assumes that the initial launch position of the
missile is known. In [25] an adaptive receding horizon controller is
presented for evasion from an unknown interceptor missile. The
controller uses Bayesian inference to identify the missile’s guidance
law from a closed set of guidance laws and parameters and uses this
information to guide the evading target. The limitation of this
approach is the assumption of having perfect information on the
missile’s states, with only the guidance law and parameters being
unknown.

Therefore, although there has been substantial work in the
literature on target evasion, most of the research concentrated on PN-
guided interceptor missiles, which leaves the strategies against other
missile guidance laws lacking. Furthermore, the lack of appropriate
guidance law and parameter identification solutions greatly reduces
the utility of the available target-evasion guidance laws. When
combined with the typical maneuver and agility advantage of
interceptor missiles over target aircraft (which is particularly evident
for large expensive unmanned aerial vehicles with limited maneuver-
ability and for military and civilian transport manned aircraft), it
seems that most modern guidance laws provide sufficient perform-
ance to intercept aircraft with good probability. To overcome this
inherent advantage of the missile over the target some authors
proposed using a defender missile to protect the target [26]. The
defender missile can be specifically designed for this mission.

In [27] the kinematic relations of three bodies: missile, target, and
defender around a collision course in the plane are studied. The
derivation assumes a nonmaneuvering target, no saturation limits on
the missile and the defender, ideal dynamics for both the missile and
the defender, and perfect information of the missile about the target
and the defender about the missile. A discrete dynamic game of a
defender with perfect information about the missile and the target (a
nonmaneuvering ship) and a missile with perfect information about
the target and no information about the defender is solved in [28]. The
problem is formulated assuming ideal dynamics and discrete state
and control spaces and is solved in mixed strategies. A similar
problem is solved in [29] using continuous dynamics and an
imperfect-information zero-sum differential-game formulation. In
[30] the three-body problem is solved as a linear quadratic two-
person (team) zero-sum differential game. Perfect state information
is assumed as well as knowledge by all players of the dynamic model
used by all participants in the game. All of the above defender
guidance laws have been derived assuming that the defender missile
has perfect information about the missile’s states and parameters,
which is seldom the case in real scenarios. Therefore, as in the target-
evasion case, a separate identification scheme and estimator have to
be constructed to apply these guidance laws.

The multiple-model adaptive estimator (MMAE) approach was
originally introduced by Magill [31] and reformulated to recursive
form by Sims and Lainiotis [32]. The algorithm is based on the
assumption that the estimated system model belongs to a closed set of
possible models. The main idea is that a bank of Kalman filters (KF)
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are run in parallel, with each filter matching a different possible
model. The estimation is a weighted sum of the estimations from
each filter in the bank, and the weights represent the probability of
each model being true based on the measurement history. The output
of the MMAE can be used to drive a single controller. This approach
was employed in [33,34] to model possible target maneuvers and
electronic countermeasures strategies.

Another approach is multiple-model adaptive control (MMAC)
[35,36]. In the MMAC configuration, the estimation of each
elementary filter in the MMAE scheme is fed into a controller
matched to the filter’s specific model, and the control command is a
weighted sum of the controls from each filter in the bank. Unlike the
MMAE approach, the MMAC approach is heuristic, but seems to
yield good performance when a controller can be matched to each
possible model.

In this paper we propose a cooperative guidance strategy for a
defender missile and a protected aerial target that is chased by an
interceptor missile. A cooperative information-sharing estimator is
also proposed. The estimator uses measurements from the defender
and the target and is a nonlinear adaptation of a MMAE. Each model
in the MMAE represents a possible guidance strategy and guidance
parameters of the intercepting missile. For each such model an
optimal matched defender’s guidance law is derived and used.
Cooperation in guidance stems from the fact that the defender knows
the evasive maneuvers to be performed by the protected target and
thus the maneuvers it will induce on the incoming homing missile
can be anticipated. Moreover, the target performs such a maneuver
that minimizes the control effort requirements from the defender
missile. The estimator, defender guidance law, and target-evasion
law are joined in a MMAC configuration.

The remainder of this paper is organized as follows. The next
section presents the mathematical models of the target—missile—
defender (TMD) guidance and estimation problem, from the
defender’s perspective. The defender’s information-sharing ex-
tended KF (EKF)-based MMAE is presented in Sec. III, followed by
the derivation of a matched optimal control guidance law and
MMAC scheme in Sec. IV. A comprehensive performance analysis
of the proposed cooperative estimator and matched cooperative
guidance law is presented in Sec. V, followed by concluding remarks.

II. Mathematical Model

We consider a scenario in which there are three bodies: a target
aircraft, an intercepting missile, and a defender missile. For brevity,
in the rest of the paper, we will refer to the target aircraft, the
intercepting missile, and the defender missile as target, missile, and
defender, respectively. This section presents the dynamics and
measurement models of the estimation and guidance problem from
the defender’s perspective and addresses the assumptions taken in
their derivation.

A. Nonlinear Kinematics and Dynamics

We consider skid-to-turn roll-stabilized missile and defender. The
motion of the three bodies is assumed to transpire in the same plane.
In Fig. 1 a schematic view of the planar endgame geometry is shown,
where X; — O; — Y, is a Cartesian inertial reference frame. We
denote variables associated with the target, missile, and defender
by the subscripts ¢, m, and d, respectively. The speed, normal
acceleration, and flight-path angles are denoted by V, a, and y,
respectively. The target-missile and defender—missile ranges are p,,,
and pg,, respectively; and A,, and A,, are target-missile and
defender—missile line-of-sight (LOS) angles, respectively.

We assume that the target’s and defender’s own inertial state
vectors

xi=[x vy vi al, i€{td} )

are known to a very high accuracy (via some navigation system) and
that the target can transmit its state vector to the defender without any
delays.

Y

(xa,ya)

O, X,

Fig. 1 Planar engagement geometry.

Remark 1. Only the relative position between the target and
defender will be important in the rest of the derivation. Therefore,
even if the absolute position states are not accurate, as long as the
target is tracking the defender accurately the breakdown of this
assumption will not invalidate the formulation and results presented
in this paper.

The missile’s acceleration command depends on the relative states
between the missile and the target (via the missile’s guidance law).
For simplicity, we will assume in this paper that the missile has
perfect information about the target. The missile’s state vector of the
target, in polar coordinates, is

xﬁn =[om Am Vi a ]T ()

We assume first-order lateral maneuver dynamics for the target and a
constant target speed V,. Therefore, the equations of motion (EOM)
are

Pim="Vom (3a)
% im = Vin! Pn (3b)
vi=a/V, (3¢)
a, =, —a)/t, (3d)

where

thm = _[Vt COS(]/, - )‘Im) + Vm COS(Vm + )‘tm)] (4—3)

V)»tm = _Vr sin()/, - )‘tm) + Vm Sin(ym + )‘tm) (4b)

7, is the time constant of the target dynamics; u, is the target’s
acceleration command; and V,, 7, and u, are assumed to be known or
transmitted to the defender.

The defender’s state vector of the missile in polar coordinates is

x sm = [pdm )Ldm VYm  Qnm vm ]T (5)

which we will represent as x in the rest of the paper to avoid excessive
indexing.

We assume first-order lateral maneuver dynamics for the missile.
We also assume that the missile moves at a constant speed V,,,. Using
these assumptions the EOM are

Pam =V pam (62)

% an = Vian/ Pam (6b)
Vi =tu/Va (6¢)

= (ty (1, X5,) = ap) /T (6d)
V,=0 (6e)
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where

Vpdm = _[Vd COS()/d - )‘dm) + Vm COS(Vm + )‘dm)] (73.)

V)Ldm = _Vd Sin(yd - )‘dm) + Vm Sil’l(]/m + )‘dm) (7b)

7,, is the time constant of the missile dynamics, and u,, (r, xR,) is the
missile’s acceleration command. We assume that the missile has no
information on the defender, it is not trying to evade the defender,
and it is guided to the target via one of a closed set of guidance laws
and guidance parameters, which we will refer to as the regime
re{l,...,s}. Each such regime will generate different missile
acceleration commands u,, and will therefore result in different
missile trajectories.

Remark 2. These are very realistic assumptions, as most missiles
can only track a single target, are only designed to intercept the
tracked target, and some intelligence is typically available on the
adversaries missiles, which facilitates discretization to a closed set of
options.

Remark 3. In this formulation we assume for simplicity that 7,, is a
known parameter. If this is not the case we can address the
uncertainty in two ways. We can represent different values of 7,, as
different regimes and address the problem in the same way we
address the guidance law uncertainty or we can add it as a constant
state in Eq. (6).

The discrete-time version of the EOM (6) can be generally
described as

xp=f (o, r,x8,) 3

where x, is the relative state vector x% at time #;, f,_; is derived by
integrating Eqgs. (6) from #,_, to #;, and r is the regime.

We assume that the defender’s dynamics during the endgame can
be represented by arbitrary order linear equations:

Ya=Auys+ Bauy (%9a)
Ya=aq/Vy (9b)

where
aq;=Cyys+ Dgyuy (10

and y, is the state vector of the defender’s internal state variables with
dim(y,;) =n. We denote the part of the acceleration without
dynamics, if it exists, as the direct lift and the part with dynamics as
the specific force.

B. Linearized Kinematics for Defender Guidance Law Derivation

We derive the defender guidance law based on a linearized model.
If during the endgame the defender and missile deviations from the
collision triangle are small, then the linearization is justified. In Fig. 2
a schematic view of the linearized planar endgame geometry is
shown. The X axis, aligned with the LOS used for linearization, is
denoted as LOS,, and £ is the relative displacement between the
defender and the missile normal to this direction. The defender and
missile accelerations normal to LOS, are denoted by a/; and a,,
respectively, —and  satisfy  aj =a, cos(yy — Agne)  and
a;’n =day COS(]/mO + )“dm())'

The state vector of the linearized guidance problem is

y=[t & yiI (11)

The equations of motion are

Y=y
5’ = {yZ =dap COS()’mo + )‘dm()) —dag COS()/dO - )"dm()) (12)
Ya=Agys+ Bauy

The matrix form of the equation set is therefore

y=Ay+ Bu, + Ca, (13)

Y Y
Pfln,’ P
SRS )
X
x{lrn[)
01 XI
Fig. 2 Linearized planar engagement geometry.
where
0 1 (0],
A=10 0 —Cycos(Ya — Aamo)
0 0 A,
0 0
B= _Dd COS(VdO - )"dmO) s C= COS(VmO + )"dmO)
B, 0
14)

with [0] denoting a matrix of zeros with appropriate dimensions.

Once a collision triangle is reached and maintained, the speed
V ,am 18 constant and the defender—missile interception time can be
approximated by

[?'m = _pdmO/vpdmO (15)

C. Measurement Model

The target and the defender are assumed to be equipped with either
radar or electro-optic sensors. Therefore, each one may acquire: both
p; and A; measurements or only A;, where i € {dm, tm}. The mea-
surements are assumed to be contaminated by a zero-mean white
Gaussian measurement noise, v;. All of the measurements are
assumed to be mutually independent. Therefore, the measurement
model when the target and defender cooperate (share information)
and when all possible measurements are available is

pdm(k)
)‘dm(k)
i =hi(x) + v, = + v,

ptm(k)
A (K)

pdm(k)

Ay (K

_ am(K) . 16)

(AXZ, + AYZ,)
arctan(AY,,/AX,,)
where
AX,,, = AX,y + pym (k) cos[A g, (k)] AX,y = x4(k) — x,(k)
(172)
AYyy = AYiq + pan(k) sinfh 4, (k)] AYy =yq(k) =y, (k)
(17b)

and

v ~N([0]s. R),

— di 2 2 2 2
R= dlag{o-pdm’ dem’ O-/?“’l’ O.)»tm} (18)

When the defender and target do not cooperate, the target does not
transmit any measurements to the defender and hence the defender’s
measurement model degenerates to
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z e =hi(x) + v = [fj’;gg] + v, v ~N([0]x.R) (19)

R= diag{agdm,(f%dm}

If p;, for i € {dm, tm}, is not available (due to sensor type), the
appropriate row is eliminated from h, and the appropriate row and
column are eliminated from R.

III. MMAE for Missile Tracking and Identification

The MMAE is a well-known approach for estimation with model
uncertainty [31,32,37]. In this section we first present the MMAE
algorithm, followed by a derivation of a specific EKF-based MMAE
for estimating the missile’s state vector and identification of its
guidance law and guidance law parameters.

A. Multiple-Model Adaptive Estimator

The MMAE, also known as the static multiple-model estimator
[37], was designed to estimate dynamic models with parametric
uncertainty, such as the missile model presented in Sec. II [see
Egs. (6)]. The MMAE addresses a scenario in which the system
dynamics has a known finite set of possible regimes and in which the
true system regime is fixed during the entire measurement history (no
switching between regimes). The main idea is that a bank of KFs (or
EKFs in the nonlinear case) are run in parallel, with each filter
matching a different possible regime. The estimation is a weighted
sum of the estimations from each filter in the bank, and the weights
represent the probability of each regime being correct based on the
measurement history. The regime probabilities at each time step are
calculated based on Bayesian inference, using the previous time
step’s regime probabilities and the regime-conditioned likelihood of
the new measurement. We next present the mathematical formulation
of the generic MMAE algorithm.

Let Z,_, 2 {z;5i=1,..., k— 1} be the measurement history up
to time k— 1, and let w;_, = Pr{r = j|Z,_;} be the posterior
probability at k — 1 that the jth regime is correct. Using Bayes’s rule,
the posterior probability at time k that the jth regime is correct equals

p(zilr=j, Zk—l)/’L{»—l
P(z Z41)

Applying the total probability theorem to the denominator yields

pi=Prir=jlZ} =

(20)

1t j_ A'l/;:wl/%—l‘
g Dot At
where A{; = p(zi|lr=j,2;_,) is the jth-regime-conditioned
likelihood function, which is calculated using the jth filter innova-

tions process statistics. Under the linear-Gaussian assumptions, A is
Gaussian and is given by

AL ~N(1];0,8)) (22)

@n

where v] and Sy are the innovation and its covariance from the jth-
regime-matched filter. In the nonlinear or non-Gaussian cases,
Eq. (22) is still used, although it is only an approximation. Thus, a
KF (or EKF) is constructed for each regime, yielding a regime-
conditioned state estimate ¥}, and a regime-conditioned covariance
matrix P;,. The estimates and covariances from each filter in the
bank are blended according to each regime’s probability of being
correct [Eq. (21)], yielding

Rue= D By (23a)
=1
Pue= > P, + [, — Buell®l, — 2ol (23b)
K[k Mok K[k K|k k| klk
=1

Figure 3 presents the schematic structure of a generic MMAE for two
regimes.

-’?1{-—11\-—1, fc,]dk
1
P KF -1 Pl]c|k

1 N
Al Regime [Mk X ik,

1 2
Mo Mi— Blended
e il 5 Probability |42 o P
Ai - Update Estimation —*
iz "A‘zlk T
Sellieled KF -2 p?
P 1, klk

Fig. 3 Generic MMAE for two regimes.

B. Missile Tracking and Identification Filter

The missile-tracking EKF-based MMAE proposed in this paper is
based on the generic MMAE algorithm presented in the previous
subsection, adapted to the models formulated in Sec. II. In our case
the regimes represent different guidance laws and guidance param-
eters of the missile. Therefore, in Eq. (6), each regime incorporates a
different u,,(r,xX,). As our model is nonlinear an EKF regime-
matched filter is derived.

Remark 4. We assume that the missile is guided to the target via
one fixed guidance law (i.e. the missile does not switch between
guidance laws during the engagement). Although this is a very
realistic assumption for the endgame, if this assumption does not
hold a similar estimator can be derived based on the interacting-
multiple-model (IMM) [37] approach. The IMM allows transitions
between regimes, but the transition probabilities between regimes are
required.

The propagated state from time k — 1 to time k, % 11 1s calculated
via integration of Eqgs. (6), using the appropriate u,, for each regime.
For simplicity, we will limit the derivation in this paper to three
representative missile guidance laws: PN, APN, and OGL. The
derivation can be extended to other missile guidance laws using the
same formulation and similar derivation steps.

1. Set of Missile Guidance Laws
The missile guidance law in each regime has the following form:

Nz, ;=1 24)
@7 cos( +d) 1T

h =
where 73 can be approximated for every filter by

tgg = _lorm/vptm (25)

The zero-effort miss (ZEM) associated with each guidance law is
one of the following:

Zox =V (53) e (26a)
(1)?
Zypn =Zpn + Taz cos(¥; — Aum) (26b)
ZocL = Zapn — Ta¥(0)a,, cos(V + Ap) (26¢)
where
Y(0) =exp(—0)+0—1 27

0 is the normalized time-to-go,
0=ty /T (28)
)"tm and lorm are

P = V(AXG, + AYS)  (29)

and );,m and V,,, are given by Egs. (3) and (4), respectively.
The navigation gains of PN and APN (Npy and N, py, respectively)
are constant, whereas that of OGL is time-varying:

Ay = arctan(AY,,,/AX,,),
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- 66°y(0)
OGL ™3 4 60 — 667 + 26° — 3¢ — 12070 + 6a /T3,

(30)

where « represents the ratio between the weight on the control effort
(integral of the acceleration command squared) and the miss distance
in the quadratic cost function used in the OGL formulation:

1 ttm
Jm = %(miSS)z + E// [l’tm COS()/mO + )\tmo)]z dl, o é l/a
0
3D

Identifying the missile guidance law requires the identification of
the ZEM (either Zpy, Zpy, OF Zog, ) and navigation gain (either Npy,
N/ipn- OF N1 ). With regard to the navigation gain, in the case of PN
and APN the requirement it to identify its constant value, whereas for
OGL the requirement is to identify «.

2. Prediction and Measurement Update
The Jacobian matrix associated with the dynamics of Eq. (6) is

0 V)Ldm Vm Sln(ym + }‘dm)

—Vidm —Vidm Vin €08 (Vin+Adim)
P Pm Pdm

j 0 0 0
Fl=

4wy 1 Bu 1 0,

T 0Pdm T Oham T 0
0 0 0

When the defender and target do not cooperate, the target does not
transmit any measurements to the defender and the defender’s
measurement Jacobian matrix degenerates to

_[1 0000
J —
H*‘[o 100 0] ©7

If the measurement p;, for i € {dm, tm}, is not available (due to
sensor type) the appropriate row is eliminated from H} and the
appropriate row and column are eliminated from R.

The updated covariance matrix is calculated using the Joseph
formula,

Pl =[1 - K/H]P,, [ - K{H] + K{R[K]]"  (38)

0 - CO.S(Vm + )‘dm)
0 Sin(y +hg)
Pdm

1 _ Gy

Vi Vi (32)
duy 1 1 dud,
day, T OV

0 0

x:xJ(k—l\kfl)

where the partial derivatives of ul, with respect to the states for the considered missile guidance laws are presented in the Appendix.

The prediction error covariance matrix of the filter matched to the
Jjth regime is

Pl =@k k—DP_, @ (kk—1)+Q,
; (33)
Sk, k—1) = ™7

where ®(k, k — 1) is the transition matrix associated with the system
dynamics, assuming that Fy is fixed during the interval (¢,_;, t;],
T = t, — t;_, isthe sampling time, and Q,, is the covariance matrix of
the equivalent discrete process noise, used as a tuning matrix.

The updated state estimate of the filter matched to the jth regime is

R =#yy + Kz — b @), )] (34)
where K{( is the Kalman gain, computed as

K| =P, [H][S]]" (352)
Si=HP,,_[H] +R (35b)

S; is the covariance of the innovations process, R is the measurement
noise covariance matrix, and HY is the measurement Jacobian matrix,
associated with the measurement model of Eq. (16):

1 0 0 0O

) 0 1 0 0 0
Hi=| o, o

Bﬁm ﬁ 0 00
or o
B P
0pam  Oam P
1 0 00 0
0 1 00 0

| Ay pamd 00 0 (36)
Ptm Ptm
Ay PdmD3 00 0
Pim P

—
X=X k-1)

where A, and A; are defined in Eqs. (A7) and (A8).

and the mode conditioned likelihood Ai is calculated using the
innovations process distribution:

A, = p(ailr=j. Z,0) ~ Nz 2'1/;“(71’ SA) (39

where % 1 is the predicted measurement (computed by the filter).

IV. Cooperative Guidance

In this section we derive the cooperative defender—target OGL,
matched to the missile’s guidance law. It uses cooperation between
the aerial target and the defender missile, which stems from the fact
that the defender knows the evasive maneuvers to be performed by
the protected target and thus can anticipate the maneuvers it will
induce on the incoming homing missile. This guidance law is then
used to construct a MMAC-based adaptive guidance law in which
each elementary filter controller in the guidance scheme is matched
to a possible guidance strategy (PN, APN, or OGL) and guidance
parameters of the missile. In the next step we derive a bang—bang
target maneuver matched to the missile’s guidance law that
minimizes the defender’s control effort during the engagement. The
matched target maneuver is then used to construct a MMAC-based
adaptive guidance law for the target.

A. Cooperative Optimal Guidance Law

The quadratic cost function chosen for the cooperative optimal
guidance law (COGL) is

b o dm L[ 2
J‘:Eyl(lf )+§ A u=dt (40)

where b is a nonnegative weight and
U=uy COS(}/dO - )"dm()) (41)

is the projection of the defender’s command in the direction
perpendicular to LOS,,. Note that letting b — oo yields a perfect-
intercept requirement and that an integral cost on u? is a common
representation of the control effort [1-3,5].
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1. Order Reduction

Bryson and Ho [4] introduced a transformation enabling reducing
a problem’s order. This transformation is sometimes denoted as
terminal projection. We will use a similar transformation [38]. Letus
define a new state Z,,,(¢) that satisfies

Zun(1) = DO 1)y(1) + D / " e 1)Cay () dr 42)

where <I>(t?”‘, t) is the transition matrix associated with Eq. (13), and
D is a constant vector:

D=[1 0 [0]] 43)
Then the derivative with respect to time of the new state Z,, (¢) is

Zgn =D[®(t", D)y + (14", 1)j] — D®(14", 1)Ca,,
=D&, nBu, (44)

which is state-independent. Z,,,, (tjf’”) can be expressed using Eq. (42)
as

Zyn (1) = Dy(e") = y, (") (45)

Using this new variable, the cost function from Eq. (40) can also be
expressed using only the new state Z,, () as

by camy L [T,

JC:Ede(tf )+§/(; u dt (46)
Remark 5. In addition to reducing the order of the problem, the new
state Z,,, (f) has an important physical meaning. Z,,, () is known as
the zero-effort miss, which is the miss distance if from the current
time onward the defender will not apply any control and the missile
will perform its assumed maneuver. We assume the defender and
target cooperate; therefore, the defender knows the future maneuver
strategy of the target. Given a missile guidance law, this information
can be used to obtain a,, as a function of time via integration of
Egs. (3) and (6).

2. Optimal Controller
The Hamiltonian of the problem is

H=Y+X2Z,, 47)
The adjoint equation and solution is
oH
_ =0;
0Z g (48)
A (") = bZyy (17") = A (1) = bZy,, (17"

A=

The optimal controller for the defender satisfies u* = arg, min H.

For obtaining an analytic solution for the guidance law u*, we will
assume the defender has first-order dynamics with a time constant of
7,. In which case the matrices of Eqgs. (9) and (10) degenerate to
A,=-1/7;, B;=1/7;,, C; =1, and D; =0, and the dynamic
equation of Z,,, [Eq. (44)] simplifies to

Z an = —Ta¥(u (49)
where
=1/t (50)

is the normalized time-to-go in the defender—missile interception,
is given by Eq. (27), and lg{,” can be approximated by

tgé” = _pdm/v/)dm (51)

For the considered first-order defender dynamics, the optimal
guidance law simplifies to

aa—f =0 = w (1) = 1 (VTP () = bZu (T Y () (52)

Substituting Eq. (52) into Eq. (49) and integrating from ¢ to #4", using
the end conditions from Eq. (45) yields

de(t)

7 dmy — ___Tdm{ S 53
dm(tf ) 1 + b‘l,'(zlg(l) ( )
where
dm pdm _ ¢ n
N
' Ty 0
= % (21° — 612 + 61 + 3 — 12ne™ — 3¢27) (54)

Substituting Eq. (53) into Eq. (52) yields the following optimal
controller:

Neogt Zam (t
M*(I) — COGZA dzm( ) (55)
(1
where
Z (1) = y1 + yatist — 13 (n)ay cos(Vag — Aamo)
tAlm
+ / ", (1) coS(Vo + hgmo) dT (56)
t
and
6>y (1) A
N¢ = , =1/b
COSL T3 Lo — 62 4213 —3e 2 — 1256 + %3 p=1
d
(57)

By using the small deviation from collision triangle assumption, the
displacement & normal to the initial LOS can be approximated by

S ~ ()‘dm - )“dmO)pdm (58)

Differentiating Eq. (58) with respect to time yields
Vi A+ ot =&+ &8 =V g, (1880 (59
Therefore, Z,,, (1) of Eq. (56) can be expressed as

de([) = _Vpdirl(tg(};n)z)"'dm - T(%W(U)ad COS(VdO - )"dm())

dm

+ // tg(’)nam(r) COS(VmO + )"dmO) dt (60)
t

where all components of Z,,, () are either directly estimated or can
be calculated using the outputs of the estimator derived in Sec. III.
The integral component of the Z,, is evaluated by numerical
integration of Egs. (3) and (6), using a fourth-order Runge—Kutta
algorithm. The integration is performed using a constant number of
integration steps from ¢ to t?"’. Consequently, the computation
burden at each time step is equal and the integration resolution
improves as the defender and missile approach each other.

Remark 6. If a,, is assumed fixed the COGL of Egs. (55-57)
degenerates to the OGL presented in [3].

Remark 7. A possible method to improve performance, known as
predictive guidance [1], is to evaluate Z,,, using simulation. This is
performed by running a simulation from ¢ to 4" at each time step
with a nulled defender command u, and the assumed missile
acceleration a,,. By definition, Z,,, is the miss distance obtained in
this simulation. This approach yields a more accurate computation of
the ZEM, which can be employed in Eq. (55). However, it requires
substantially larger computational power and thus was not used in
this paper.
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B. MMAC Guidance Law

Thus far, we have derived a defender guidance law assuming the
missile’s acceleration until the end of the engagement is known.
Unfortunately, this is typically not the case. However, we can exploit
the fact that the missile is trying to intercept the target. By assuming
that the missile’s guidance law belongs to a closed set of guidance
laws (see Sec. IIL.B, Eq. (24)) and the defender’s knowledge of the
target’s strategy, we can derive a MMAC guidance law in which each
filter controller is matched to a possible missile guidance strategy and
parameters.

In the MMAC approach [35,36] the estimation of each elementary
filter in the MMAE scheme, presented in Sec. IIL.A, is fed into a
controller matched to the filter’s specific regime, and the control
command is a weighted sum of the controls from each filter controller
in the bank. The weighting of each filter controller is its posterior
probability based on the measurement history. The control command
at time k (u,) can therefore be calculated as

me Zuk C%V 61)
Jj=1

where u}, represents the controller associated with the jth regime.

Assuming that the computation of tgo is almost identical for all
models, the difference between the control commands in the different
regimes lies in the computation of Z,,,, based on Eq. (60). Thus, we
can write

ti?ﬁ%Zuizzm (62)

(1e0)” 15

Figure 4 presents the schematic structure of a generic MMAC for
two regimes.

Unlike the MMAE approach, the MMAC approach is heuristic (an
approximation), but seems to yield good performance when a
controller can be matched to each possible regime.

This framework perfectly fits our target-missile-defender
problem. As each regime in the MMAE of Sec. IILB corresponds
to a known missile guidance strategy and guidance parameters, we
can derive the missile acceleration a,, given this information and
employ the defender guidance law derived in Sec. IV.A on the
estimations of each elementary filter. Using this scheme, as the
identification of the missile’s guidance law and parameters improves
during the engagement, the defender’s guidance law will adapt to fit
the identified missile’s guidance law.

Remark 8. In the derivation of the defender MMAC guidance law it
was assumed that the defender has information on the future
maneuver strategy of the target. This assumption requires the target
to follow the evasive maneuver communicated to the defender, after
the defender has been launched. For a manned aircraft this implies
that the pilot follows the evasive maneuver, which can be accom-
plished either by generating evasion flight directions for the pilot to
follow, or some sort of autoevasion autopilot. For an unmanned aerial
vehicle (UAV), an autoevasion autopilot is the natural solution, as we
would like the UAV to be autonomous and require minimal human
intervention.

%lk*—l» xklIA
Llu, KF -1 L
uy
N Controller - 1
o L2k Regime
Zk TN i g' . il u? Blended s

Probability

’AL> Update Controller

Controller - 2[—,
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=2 o2
xl;lkfl KF -2 Xk
Pk*lk*l- PZII{

Fig. 4 Generic MMAC for two regimes.

C. Minimizing Defender Control Effort

The derivation above is general and valid for any target-evasion
strategy. The only requirement is that the target strategy must be
known to the defender missile. This target strategy may be, for
example, the optimal (in some sense) evasion maneuver (such as the
strategies described in Sec. ) or a strategy derived so as to enable
quick discrimination between the different missile guidance laws.

For a bang-bang target maneuver and a given missile guidance
law, we can minimize the defender’s control effort by choosing a
target switch time ¢y, that minimizes |Z,,,| [Eq. (60)]. By definition,
Z,, is the zero-effort miss in the defender—missile engagement.
Therefore, by choosing a switch time that minimizes |Z,,,|, we
minimize |u*(?)| [Eq. (§5)]. Furthermore, if there is a t,,, for which
Z,4,, = 0, then according to Egs. (49) and (55), u*(#) will remain zero
throughout the duration of the engagement. Calculating 7, that
minimizes |Z,,| can be performed numerically, using standard
methods such as gradient decent. Because we assumed that the
missile’s guidance law belongs to a closed set of options, we propose
to apply the MMAC approach to ascertain #,,

taw = min [Z p.iZ{jm] (63)

tsw [tx:tr]

or an approximation of this approach:

~ Zuk[arg min de] (64)

j=1 ty€ltyty]

In the MMAC approach, as our confidence in the missile’s guidance
law improves, so does our assessment of the optimal target switch
time. In the rest of this paper we will refer to the cooperative guidance
law in which the defender performs MMAC-based COGL and the
target performs a bang—bang maneuver at a switch time calculated
via Eq. (64) as optimal-switch COGL (OSCOGL).

Remark 9. The update of the optimal-switch time is only required
before the target switch transpires.

Remark 10. A possible way to reduce the computational effort is to
calculate t,, at alower frequency than the measurement frequency or
only calculate it at the beginning of the engagement. The practical
benefit of fine tuning z,, at each sample is relatively small, because
the difference in ¢, for the evaluated missile guidance laws (PN,
APN, and OGL) is typically small.

V. Performance Analysis

The performance of the missile-tracking MMAE and the defend-
er’s and target’s adaptive cooperative guidance laws developed in this
paper are evaluated in this section via simulation, using nonlinear
kinematics and the target, missile, and defender dynamics. We first
present the simulation environment and interception scenario,
followed by a sample run. We then present a Monte Carlo (MC)
simulation study demonstrating the performance of the proposed
combined estimation and guidance MMAC schemes.

A. Simulation Environment and Scenario

The simulation includes a target, missile, and defender. The
engagements are initiated at missile and target flight-path angles of
Vmo € [—30,30] deg and y,, =0 deg, respectively. The horizontal
separation between the missile and the target is 5 km. The defender is
launched from the target at the engagement’s initiation. To simulate
the separation effect, the defender is initiated at a vertical separation
of Ay =—10 m below the target and at a flight-path angle of
Va0 € [—10,10] deg. The target, missile, and defender speeds are
V, =300 m/s, V,, =600 m/s, and V,;, =600 m/s, respectively,
and their first-order time constants are 7, =0.5 s, 7,, = 0.2 s, and
7, = 0.2 s, respectively. The target’s maneuver capability is a™* =
10 g and it performs a bang—bang maximal acceleration maneuver
with a single direction switch during the engagement. The missile’s
maneuver capability is ajp™ =25 g. The defender’s maneuver
capability in the sample runis a}** = 25 g and belongs to the closed
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set ai™ € {3,5,10,15,20,25} g in the MC study. The missile is
guided to the target using perfect information and one of the
following guidance laws: PN, APN, or OGL. The unknown guidance
law parameters are the navigation gain for the PN and APN guidance
laws and « for the OGL. The guidance law parameters belong to the
closed sets N; € [3, 5] for i = {PN, APN} and « € [0, 0.1] for OGL.

The initial conditions of the filter are sampled from a Gaussian
distribution:

X~ N (%, Py) (65)
where x, is the true relative defender—missile initial state and
P, = diag{50?, (37/180)2, (37/180)2, 102, 50%} (66)

is the initial covariance matrix of the filter.

The MMAC regimes correspond to three possible missile
guidance laws belonging to the set {PN, APN, OGL}. The a priori
probability of each guidance law is 1/3. The navigation gains of PN
and APN guidance laws are represented by five regimes each, with
equal a priori probability:

Nj € {3,3.5,4,4.5,5}; i = PN, APN

For OGL, two regimes with equal probability are considered:
a €{0,0.1}

The simulated measurement noise is ,; = 10 mand 0;; = 1 mrad,
where i€ {tm,dm}, and the measurement sampling rate is
fs =50 Hz. We assume a blind range of 50 m.

The estimation problem formulation in Sec. II.C and its solution in
Sec. IIL.B address many possible sensor combinations. However, in
this simulation study we concentrate on a case in which the defender
has bearing-only measurements and the target has both bearing and
range measurements, which means that if the defender and target
share information, the available measurements are A, 0,,,, and A ,,,.
This case was chosen due to a number of considerations:

1) The defender is disposable and the system on the aircraft is not;
therefore, it is reasonable to invest more in the aircraft sensors than in
the defender sensors.

2) The decision to launch a defender by the target would probably
require both range and angle from the target.

3) We would like the defender to be as small as possible, which will
limit the number of sensors it can carry.

The EOM of the target, missile, and defender are solved using a
fourth-order Runge-Kutta algorithm, and the simulation is
terminated when the defender passes the missile.

B. Sample Run

This subsection presents a sample run of an APN-guided missile
with N' =4 intercepted by a defender missile guided by the
OSCOGL presented in Sec. IV. The optimal-switch time 7, is
calculated via Eq. (64) at a frequency of 2 Hz. The initial flight-path
angles of the missile and defender are y,,,=20 deg and
vqa = —10 deg, respectively.

Figure 5 presents the planar trajectories of the target, missile, and
defender in a simulated sample run. The defender’s miss distance in
this sample run is approximately 0.05 m. Note that the defender’s
trajectory has very low curvature and does not include an acceler-
ation reversal as with the missile’s trajectory. This is due to the fact
that the defender is aware beforehand of the planned target maneuver
and can anticipate its influence on the trajectory of the incoming
homing missile and because the target’s switch time was chosen to
minimize the defender’s control effort. It is also evident that the target
maneuvers to lure the missile closer to the defender’s trajectory.

Figure 6 presents the posterior probabilities of each guidance law
being true and the probability of each guidance law parameter being
true as a function of time. Note that after approximately 1 s the APN
guidance law has been identified as the missile’s guidance law, and
after approximately 2 s its navigation gain has also been identified.
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Fig. 5 Sample trajectories. Defender—target team uses OSCOGL.
Missile uses APN with N/ = 4.
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Fig. 6 Sample regime probabilities. Defender—target team uses
OSCOGL. Missile uses APN with N’ = 4.

The identification of the missile’s guidance law and navigation
gain yields very small estimation errors of the MMAE as can be seen
in Fig. 7. Note the fast convergence of all of the estimated states and
especially the small error in estimating the missile’s acceleration,
which is known to have a large effect on miss distance and to be very
hard to estimate.

Figure 8 presents the acceleration profiles of the aircraft target,
missile, and defender. To intercept the target, performing the 10 g
bang—bang maneuver, the missile applies control commands up to
approximately 25 g. However, because the target switch time was
chosen to minimize the defender’s control effort and because after
about 2 s the missile’s guidance strategy is identified by the target—
defender team (see Fig. 6), its entire maneuvering profile until the end
of the interception is known. Consequently, the defender does not
need to apply more than 4 g in order to intercept it.

C. Monte Carlo Study

A 1000-run Monte Carlo simulation study is used to compare the
closed-loop interception performance of the defender missile with
and without cooperation in guidance between the target and the
defender. In the cooperative mode the COGL (without optimal target
switch) and the OSCOGL proposed in Sec. IV are used, whereas in
the noncooperative mode an OGL is used. The three guidance laws
use the same cooperative estimator. The target performs a bang—bang
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Fig. 7 Sample estimation errors. Defender—target team uses
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Fig. 8 Sample acceleration profiles. Defender-target team uses
OSCOGL. Missile uses APN with N’ = 4.

maneuver at its maximal acceleration (a, = 10 g). For COGL and
OGL the switch time is chosen to be uniformly distributed over the
engagement duration, whereas for the OSCOGL the target switch
time is calculated via Eq. (64) at a frequency of 2 Hz. Each run uses
random initial conditions and measurement noises sampled from
those presented in Sec. V.A and the missile’s guidance parameters are
chosen from uniform distributions of N; € [3, 5] for i = {PN, APN}
and « € [0, 0.1] for OGL.

Figure 9 presents the miss distance cumulative distribution
function (CDF) of the defender using the noncooperative OGL. It is
obvious that the performance when using OGL is very poor. Even
with a]** = 25 g, for which the defender has the same maneuver
capability as the missile, the required warhead lethality range to
ensure a 95% kill probability is more than 25 m. Itis also evident that
the performance dramatically deteriorates as the defender’s
acceleration limit is lowered.

Figure 10 presents the miss distance CDF of the defender using the
COGL. The required warhead lethality range to ensure a 95% kill
probability is 0.19, 0.22, and 0.26 m for a}** of 25, 20, and 15 g,
respectively. Note that this constitutes hit-to-kill performance and
that the performance is still excellent even when the defender’s
maximal acceleration is 15 g,and the missile’s maximal acceleration
is 25 g. This is mainly due to the fact the COGL uses the future
missile’s acceleration profile to optimize the defender’s control
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Fig. 10 Monte Carlo analysis. Defender uses COGL.

effort. Although the performance is much better than when using
OGL, it is still lacking for an a}** of 10 g and lower.

Figure 11 presents the miss distance CDF of the defender using the
COGL with an optimal target switch time (the target—defender team
uses OSCOGL). The required warhead lethality range to ensure a
95% kill probability is 0.26, 0.36, 0.64, and 1.65 m for a7* of 15, 10,
5, and 3 g, respectively. Note that this constitutes hit-to-kill
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Fig. 11 Monte Carlo analysis. Defender uses COGL. Target performs
optimal switch.
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Fig. 12 Monte Carlo analysis. Miss distance and maximal defender
acceleration. a'™* =10 g.

performance and that the performance is still excellent even when the
defender’s maximal acceleration is an order of magnitude smaller
than that of the missile (25/3 g). This hit-to-kill capability with
extremely low control requirements is a result of the optimal target
maneuver and the cooperation in guidance between the target and the
defender. The extremely small miss distance and the low control
requirements can facilitate a small warhead and small rocket engine,
lowering the cost and storage space of such a defender missile.

Figure 12 compares the miss distance and maximal acceleration
CDFs of the defender when using OGL, COGL, and OSCOGL for
ay™ =10 g. The plots clarify the reason for the large advantage of
the OSCOGL over COGL and OGL. Unlike the OGL and COGL in
which the defender saturates with a probability of 0.9 and 0.3, respec-
tively, the OSCOGL does not cause saturation for the same maximal
defender accelerations, resulting in the defender’s ability to intercept
the missile. The OSCOGL does not cause saturation due to the fact
that the target switch time is chosen to minimize the defender’s
control effort and because the defender is aware beforehand to the
planned target maneuver and can anticipate its influence on the
trajectory of the incoming homing missile.

VI. Conclusions

A cooperative guidance and estimation scheme has been proposed
for an interception engagement where a missile is fired from an
aircraft to defend it from an incoming homing missile. The proposed
multiple-model adaptive control scheme uses for estimation different
models to represent the possible homing-missile guidance laws,
chosen from a closed set. Fusion of measurements from both the
defender missile and protected aircraft was performed. A matched
defender’s missile guidance law is optimized to the identified
homing-missile guidance law. Cooperation in guidance stems from
the fact that the defender knows the future evasive maneuvers to be
performed by the protected target and the maneuvers it is expected to
induce on the incoming homing missile. Moreover, the aircraft can
choose a maneuver strategy that helps the defender missile. Exten-
sive Monte Carlo simulations showed the benefit of cooperation.

Regarding guidance, knowing the evasive maneuver of the aircraft
substantially reduces the control effort requirements from the
defending missile. Choosing an appropriate target maneuver further
reduces the defending missile control effort. The cooperation also
dramatically improves the defender’s homing performance, espe-
cially in scenarios in which the target aircraft employs evading ma-
neuvers. For example, in a representative sample scenario, the target
aircraft performs a 10 g bang—bang evasive maneuver, inducing up
to 25 g maneuvers from the homing missile. In comparison, the
defender—missile maneuvers did not exceed 4 g, while still enabling
near-zero miss distance.

From the estimation perspective, fusion of measurements between
the aircraft and defending missile enables fast identification of the
missile’s guidance strategy, making its future trajectory predictable.
Moreover, in cases in which the defending missile has bearing-only
measurements, the cooperation with the aircraft also enables esti-
mating range, and thus advanced cooperative optimal-control-based
guidance laws can be used.

Such cooperation in guidance and estimation enables hit-to-kill
performance from a defending missile having a very limited
maneuver capability and carrying sensors that provide bearing-only
measurements. This facilitates the use of relatively small defending
missiles to protect aircraft from homing missiles.
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Appendix: Dynamics Jacobian Partial Derivatives

This Appendix presents the partial derivatives of u,, with respect
to the states for the PN, APN, and OGL. These are employed in the
Jacobian matrix of Eq. (32).

1. Proportional Navigation
The partial derivatives of u,, for the PN guidance law are

uPN _ N/(AlAz - thmVprmA3)

m — (Al)
apclm lo?m COS(Vm + )‘Im)
PN N AA ViimVpim A
a"tm — lodm(3 183 + Vi ptm 2) (AZ)
a)“dm Pim COS(Vm + )‘Im)
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aym = a valtm tan(ym + )‘tm) + vptmvm
ta‘rl()/ﬂ‘l + )‘tm)
Vo Viem —————< A3
+ ptm ¥ Atm COS(]/m + )\'tm) ( )
PN
dun’ _ (A4)
da,,
BMEIN — N/[thm tan()/m + )“tm) - V)»tm] (AS)

3 Vm IO tm
where

Al = (V}%tm + V}»tm thm tan()/m + )\'tm) - V/%tm) (A6)

AZ = [AXtm Sin(}"dm) - AYl‘m Cos()‘dm)] (A7)

A3 = [AXtm COS()‘dm) + Ath Sin()"dm)] (A8)

V,m and V,,, are calculated via Egs. (4), AX,,, and AY,, are defined
in Egs. (17), and p,,, and A, are given by Eq. (29).
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II. Augmented Proportional Navigation aD(0)
. L . 7 =6(1 — 20 + 6> + exp(—20) — 2exp(—0) + 20exp(—0
The partial derivatives of u,, for the APN guidance law are [} ( + 6" +exp(=20) xp(=6) + xp(=6))
(A24)
APN PN / p
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apdm 8Iodm 2Prmcos (Vm + )‘tm) .
atgyg _ V}»thZ B thmA3 (A25)
- 2
D D N Asaps St v Oan— omVm
8)»,1,” a)‘alm 2Iolzmcos2 (ym + )‘lm)
atg(r;l _ pdm(VMmA3 + VplmAZ) (A26)
aM?,PN — au}:zN N/at COS(V: — )‘tm) tan(ym + )‘tm) (Al 1) a)‘dnl PrmV;Zer
a)’m aym 2COS()/m + )\tm)
o s _ PV SNV + Aom) (A27)
dun” _ (A12) O Vim
da,,
1
JuAPN ouPN Btg'g - _ Pim COS(Vm + )"tm) (A28)
" == (A13) av,, V/Z,,m
avm aVi’l
III. Optimal Guidance Law
The partial derivatives of u,, for the OGL are References
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